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The Ferrell-Glover-Tinkham (FGT) sum rule has been applied to the temperature dependence of
the in-plane optical conductivity of optimally-doped YBa2Cu3O6.95 and underdoped YBa2Cu3O6.60.
Within the accuracy of the experiment, the sum rule is obeyed in both materials. However, the
energy scale ωc required to recover the full strength of the superfluid ρs in the two materials is
dramatically different; ωc ≃ 800 cm−1 in the optimally doped system (close to twice the maximum of
the superconducting gap, 2∆0), but ωc >∼ 5000 cm−1 in the underdoped system. In both materials,
the normal-state scattering rate close to the critical temperature is small, Γ < 2∆0, so that the
materials are not in the dirty limit and the relevant energy scale for ρs in a BCS material should
be twice the energy gap. The FGT sum rule in the optimally-doped material suggests that the
majority of the spectral weight of the condensate comes from energies below 2∆0, which is consistent
with a BCS material in which the condensate originates from a Fermi liquid normal state. In the
underdoped material the larger energy scale may be a result of the non-Fermi liquid nature of
the normal state. The dramatically different energy scales suggest that the nature of the normal
state creates specific conditions for observing the different aspects of what is presumably a central
mechanism for superconductivity in these materials.
PACS numbers: 74.25.-q, 74.25.Gz, 78.30.-j, 74.72.Bk
I. INTRODUCTION
Sum rules and conservation laws play an important
role in physics. In spectroscopy, the conductivity sum
rule is particularly useful and is an expression of the con-
servation of charge.1 In metallic systems, the conduc-
tivity sum rule usually yields the classical plasma fre-
quency or the effective number of carriers. In supercon-
ductors, below the critical temperature Tc some fraction
of the carriers collapse into the δ(ω) function at zero fre-
quency that determines the London penetration depth
λL, with a commensurate loss of spectral weight from
low frequencies (below twice the superconducting energy
gap,2∆). This shift in spectral weight may be quantified
by the application of the conductivity sum rule to the
normal and superconducting states, as discussed by Fer-
rell, Glover and Tinkham (the FGT sum rule),2,3 which
is used to estimate the strength of the superconducting
condensate ρs = c
2/λ2L. The theory of superconductiv-
ity described by Bardeen, Cooper and Schrieffer (BCS)
holds that while the kinetic energy of the superconduct-
ing state is greater than that of the normal state,4,5 this
increase is compensated by the reduction in potential en-
ergy which drives the transition (the net reduction of
energy is simply the condensation energy). However, it
has been proposed that in certain hole-doped materials
the superconductivity could arise from a lowering of the
kinetic rather than the potential energy.6 In such a sys-
tem non-local transfers of spectral weight would result
in the apparent violation of the FGT sum rule, which
would yield a value for the strength of ρs that would be
too small (λL would be too large).
6–8 Similar models in
the cuprate materials presume either strong coupling,9,10
or that the normal state is not a Fermi liquid and that
superconductivity is driven either by the recovery of frus-
trated kinetic energy when pairs are formed,11,12 by low-
ering the in-plane zero-point kinetic energy,13 or by the
condensation of preformed pairs.14
Experimental results along the poorly-conducting in-
terplane (c-axis) direction in several different cuprate ma-
terials support the view that the kinetic energy is reduced
below the superconducting transition.15–17 In some ma-
terials, the low-frequency c-axis spectral weight accounts
for only half of the strength of the condensate. How-
ever, this violation of the FGT sum rule appears to be
restricted to the underdoped materials which display a
pseudogap in the conductivity.18 The dramatically lower
value of the strength of the condensate along the c axis
makes it easier to observe kinetic energy contributions.
In comparison, the much larger value of the condensate
in the copper-oxygen planes makes it much more diffi-
cult to observe changes due to the kinetic energy based
on optical sum rules.19,20 Recently, high-precision mea-
surements in the near-infrared and visible region have
reported small changes in the in-plane spectral weight
associated with the onset of superconductivity, support-
ing the argument that changes in the kinetic energy are
indeed occurring.21–23 While the relatively small changes
of the in-plane spectral weight make it difficult to make
statements about the kinetic energy, it is nonetheless a
strong motivation to examine the evolution of the spec-
tral weight in detail to see if there are unexpected signa-
tures of an unconventional mechanism for the supercon-
ductivity in this class of materials.
In this paper we examine the changes of the in-plane
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2spectral weight and the evolution of the superconducting
condensate in the optimally doped and underdoped de-
twinned YBa2Cu3O6+x single crystals for light polarized
perpendicular to the copper-oxygen chains, along the a
axis. The BCS model requires that the spectral weight
of the condensate be fully formed at energies compara-
ble to the energy gap (ωc ≃ 2∆), with no subsequent
violation of the FGT sum rule. This is precisely what
is observed for the optimally-doped material, within the
limits of experimental accuracy for the sum rules, which
is estimated to be about 5%. However, in the under-
doped material only 80% of the spectral weight of the
condensate has been recovered at energies comparable to
2∆; the FGT sum rule must be extended to consider-
ably higher frequencies to recover the remaining spectral
weight (ωc >∼ 0.6 eV). For T >∼ Tc, the normal-state scat-
tering rate is determined to be small, so this shift in spec-
tral weight can not be attributed to dirty-limit effects in
response to impurities. However, the nature of the nor-
mal state is dramatically different in the optimally-doped
material, which is reminiscent of a Fermi liquid, and the
underdoped material, which develops a pseudogap and
displays non-Fermi liquid behavior. The dramatically
different energy scales required to recover the full value
of ρs suggest that these aspects of the superconductivity
are related to the normal state properties from which it
emerges.
II. EXPERIMENT AND SAMPLE
PREPARATION
Details of the growth and characterization of the
mechanically-detwinned YBa2Cu3O6+x crystals have
been previously described in detail24,25 and will be dis-
cussed only briefly. The crystal had a small amount of
Ni deliberately introduced, Cu1−xNix, where x = 0.0075.
Such a small concentration of Ni results in a critical tem-
perature which is slightly lower (∼ 2 K) than the pure
materials, with a somewhat broader transition . The
same detwinned crystal has been carefully annealed to
produce two different oxygen concentrations, x = 0.95
(Tc ≃ 91 K) and 0.60 (Tc ≃ 57 K). The reflectance
for light polarized along the a axis (perpendicular to the
CuO chains, therefore probing only the CuO2 planes) has
been measured at a variety of temperatures over a wide
frequency range (≈ 40 to 9000 cm−1) using an overfilling
technique;26 this reflectance has been extended to very
high frequency (3.5× 105 cm−1) using the data of Basov
et al.
27,28 and Romberg et al.29 The absolute value of the
reflectance is estimated to be accurate to within 0.2% .
The optical properties are calculated from a Kramers-
Kronig analysis of the reflectance. The optical conduc-
tivity, which dealt with the effects of Ni doping on the
CuO chains and the reduction of the in-plane anisotropy,
has been previously reported.30 The presence of Ni in
such small concentrations was not observed to have any
effect on the conductivity of the CuO2 planes in either
the normal or superconducting states.
III. RESULTS AND DISCUSSION
A. Optical sum rules
Optical sum rules comprise a powerful set of tools to
study and characterize the lattice vibrations and elec-
tronic properties of solids. The spectral weight may be
estimated by a partial sum rule of the conductivity1,31
N(ωc) =
120
π
∫ ωc
0
σ1(ω) dω
ωc→∞−→ ω2p (1)
where ω2p = 4πne
2/m0 is the classical plasma frequency,
n is the carrier concentration, and m0 is the bare optical
mass. In the absence of bound excitations, this expres-
sion is exact in the limit of ωc →∞. However, any realis-
tic experiment involves choosing a low-frequency cut-off
ωc. When applied to the Drude model
ǫ˜(ω) = ǫ∞ −
ω2p
ω(ω + iΓ)
, (2)
where ǫ∞ is the contribution from the ionic cores, and
Γ = 1/τ is the scattering rate, the conductivity sum rule
indicates that 90% of the spectral weight is recovered
for ωc ∼ 6Γ. For even modest choices of Γ, ωc can be
quite large (≃ ωp). This places some useful constraints
on the confidence limits for the conductivity sum rule in
the normal state.
The conductivity in the superconducting state for any
polarization r has two components5
σSC1,r (ω) =
π
120
ρs,rδ(ω) + σ
reg
1,r (ω). (3)
The first part is associated with the superconducting δ(ω)
function at zero frequency, where ρs,r is the superfluid
stiffness, or strength of the superconducting order.32 This
is often expressed as the square of a plasma frequency
ω2pS = 4πnse
2/m∗
r
, where ns is the density of supercon-
ducting electrons, and m∗
r
is the effective mass tensor.
The second component σreg1,r (ω) is referred to as the “reg-
ular” component for ω > 0 and is associated with the
unpaired charge carriers.
A variation of the conductivity sum rule in a super-
conductor is to study the amount of spectral weight that
collapses into the superconducting δ(ω) function at the
origin below the critical temperature.5 This scenario is
represented in Fig. 1, which shows the normalized con-
ductivity for a BCS s-wave model for an arbitrary purity
level33 where the scattering rate in the normal state is
chosen as Γ = 2∆ (2∆ is the full gap value for T ≪ Tc).
The solid line shows the real part of the optical conduc-
tivity σ1(ω) in the normal state for T >∼ Tc, while the
dashed line is the calculated value for σ1(ω) in the su-
perconducting state for T ≪ Tc. For T ≪ Tc the gap is
3FIG. 1: The real part of the optical conductivity calculated
for a BCS model for a normal-state scattering rate of Γ = 2∆.
The conductivity in the normal state σ1(ω,T >∼ Tc) is shown
by the solid line (normalized to unity), while the conductivity
in the superconducting state σ1(ω, T ≪ Tc) is shown by the
dashed line. For T ≪ Tc the superconducting gap 2∆ is fully
formed and there is no absorption below this energy. The
hatched area illustrates the spectral weight that has collapsed
into the superconducting δ(ω) function at the origin.
fully formed, and there is no conductivity for ω < 2∆,
above which the onset of absorption occurs. The missing
spectral weight represented by the hatched area repre-
sents the strength of the condensate ω2pS . This area may
be estimated by the FGT sum rule2,3
ω2pS =
120
π
∫ ωc
0+
[σ1,n(ω)− σ1,s(ω)] dω. (4)
where σ1,n(ω) ≡ σ1(ω, T >∼ Tc) and σ1,s(ω) ≡ σ1(ω, T ≪
Tc). An alternative method for extracting the superfluid
density relies on only the real part of the dielectric func-
tion. Simply put, if upon entering the superconducting
state for T ≪ Tc it is assumed that all of the carriers
collapse into the condensate, then ωpS ≡ ωp and Γ → 0,
so that the form of the dielectric function in Eq. (2) be-
comes ǫ1(ω) = ǫ∞ − ω2pS/ω2; in the limit of ω → 0,
ρs ∝ ω2pS = −ω2ǫ1(ω). This is a generic result in re-
sponse to the formation of a δ(ω) function and is not
model dependent. The value for −ω2ǫ1(ω) is shown in
Fig. 2 for Γ = 2∆. There is a small dip near 2∆ (which
becomes somewhat washed out for Γ ≫ 2∆), and the
curve converges cleanly in the ω → 0 limit. The deter-
mination of ρs from −ω2ǫ1(ω) has two main advantages:
(i) it relies only on the value of ǫ1(ω) for T ≪ Tc and
thus probes just the superfluid response, and (ii) ρs is
determined in a low-frequency limit, which removes the
FIG. 2: The value of −ω2ǫ1(ω) calculated from the BCS
model for T ≪ Tc for the normal-state scattering rate Γ = 2∆
(solid line); ρs = −ω2ǫ1(ω) in the limit of ω → 0. Note that
there is also a slight minima near 2∆ (long dashed line).
uncertainty of the high-frequency cut-off frequency ωc in
the FGT sum rule estimates of the condensate. We will
distinguish between values of the condensate determined
from −ω2ǫ1(ω) as ρs, and the FGT sum rule as ω2pS . The
two techniques should in fact yield the same result, and it
is indeed useful to compare the high-frequency estimates
of ω2pS with ρs.
The rapidity with which the spectral weight of the con-
densate is captured by the Ferrell-Glover-Tinkham sum
rule is shown in Fig. 3 for three different choices of the
normal-state scattering rate relative to the superconduct-
ing energy gap. Here the solid line is the conductivity
sum rule applied to σ1(ω) in the normal state (T >∼ Tc),
effectively ω2p, while the dotted line is the conductivity
sum rule for T ≪ Tc, which yields ω2p − ω2pS . The differ-
ence between the two curves is the dashed line, which is
simply ω2pS . To simplify matters, in each case the inte-
grals have been normalized with respect to the strength
of the fully-formed condensate ρs, to yield a dimension-
less ratio. In Fig. 3(a) the normal state scattering rate
has been chosen to be Γ = ∆/2 (“clean limit”). It may
be observed that nearly all of the spectral weight in the
normal state collapses into the condensate. Furthermore,
the condensate is essentially fully-formed above 2∆. In
Fig. 3(b) the normal state scattering rate has been cho-
sen to have an intermediate value Γ = 2∆ (the situation
depicted in Fig. 1). The larger value of Γ has the ef-
fect of shifting more of the normal-state spectral weight
above 2∆, which reduces the strength of the condensate.
However, despite the larger value for Γ and the reduced
strength of the condensate, it is once again almost fully-
4FIG. 3: The Ferrell-Glover-Tinhkam (FGT) sum rule applied
to a BCS model for a variety of different normal-state scat-
tering rates. The solid line is the conductivity sum rule ap-
plied to the σ1(ω, T >∼ Tc) [Nn(ω)], while dotted line is for
σ1(ω,T ≪ Tc) [Ns(ω)]; the dashed line is the difference be-
tween the two. The curves have been normalized to the full
weight of the condensate ρs to yield a dimensionless ratio.
(a) Γ = ∆/2, (b) Γ = 2∆, and (c) Γ = 10∆. The spectral
weight transferred from the normal state to the condensate
decreases with increasing Γ, illustrating the trend from the
clean to dirty-limit case. Even for the largest value of Γ cho-
sen, a large fraction of the condensate is captured by the
integral at ωc = 2∆ (long-dashed line).
formed by 2∆. Finally, in Fig. 3(c) a large normal-state
scattering rate Γ = 10∆ is chosen to put the system
into the dirty limit. The large scattering rate broadens
the normal-state conductivity and moves a considerable
amount of the spectral weight to high frequency, thus
only a relatively small amount of the spectral weight is
transferred to the condensate. Despite this, by 2∆ almost
60% of the condensate has been captured, and by 4∆ the
condensate is almost fully formed. This demonstrates
that with the exception of the dirty limit, the relevant
energy scale for ωc ≃ 2∆. This result is important to the
arguments that are to follow.
B. YBa2Cu3O6+x
The temperature dependence of the optical conductiv-
ity of optimally-doped YBa2Cu3O6.95 (Tc ≃ 91 K) for
light polarized along the a axis is shown in Fig. 4(a).
The Drude-like low-frequency conductivity narrows as
the temperature decreases from room temperature to just
above Tc; well below the superconducting transition the
low-frequency conductivity has decreased and the miss-
ing spectral weight has collapsed into the condensate.
However, an optical gap is not observed and there is a
great deal of residual conductivity at low frequency. The
conductivity can be reasonably well described using a
“two-component” model,34 with a Drude component and
a number of bound excitations, usually Lorentz oscilla-
tors. While the low-frequency conductivity is satisfacto-
rily described by a Drude term, the midinfrared region is
not and a large number of oscillators are required to re-
produce the conductivity. For this reason, a generalized
form of the Drude model is often adopted where the scat-
tering rate is allowed to have a frequency dependence35
(in order to preserve the Kramers-Kronig relation, the
effective mass must then also have a frequency depen-
dence). The frequency-dependent scattering rate has the
form36
1
τ(ω)
=
ω2p
4π
Re
[
1
σ˜(ω)
]
. (5)
The value for the plasma frequency used to scale the
expression in Eq. (5) has been estimated using the con-
ductivity sum rule for σ1,a(ω, T ≃ Tc), using ωc ≃ 1 eV,
which yields a value for ωp,a ≃ 16700 cm−1, or about
2 eV (Ref. 30). The frequency-dependent scattering rate
1/τa(ω) is shown in the inset of Fig. 4(a), and in the
normal state shows a monotonic increase with frequency,
and an overall downward shift with decreasing tempera-
ture. Below Tc, there is a strong suppression of 1/τa(ω)
at low frequency associated with the formation of the su-
perconducting gap, with a slight overshoot and then the
recovery of the normal-state value at high-frequency.37,38
This behavior is characteristic of optimally-doped and
overdoped materials.
The behavior of the oxygen-underdoped material
YBa2Cu3O6.60 (Tc ≃ 57 K) for light polarized along the
a axis, shown in Fig. 4(b), shows some significant differ-
ences from the optimally-doped material. The Drude-like
conductivity at room temperature is extremely broad.
However, at T ≃ Tc the Drude-like conductivity has nar-
rowed dramatically, and there has been a significant shift
of spectral weight to low frequencies. For T ≪ Tc the low
frequency conductivity has decreased, indicating the for-
mation of a condensate. However, the effect is not as
dramatic as it was in the optimally-doped material, in-
dicating that the strength of the condensate is not as
great. Once again, there is a considerable amount of
residual conductivity at low frequency for T ≪ Tc. The
frequency-dependent scattering rate is shown in the inset,
along with the estimated value of ωp,a ≃ 13 250 cm−1,
5FIG. 4: The optical conductivity of (a) optimally-doped
YBa2Cu3O6.95, and (b) underdoped YBa2Cu3O6.60 at room
temperature (solid line), T >∼ Tc (dotted line), and T ≪ Tc
(dashed line) for light polarized along the a axis. The in-
set in each panel shows the frequency dependent scattering
rate and the estimated value of ωp,a. The Drude-like con-
ductivity of the optimally-doped material narrows somewhat
in the normal state but the scattering rate shows no indi-
cation of a pseudogap; below Tc a considerable amount of
spectral weight collapses into the condensate. In the under-
doped material, the conductivity narrows considerably in the
normal state and the scattering rate indicates the opening of
a pseudogap; the condensation is less dramatic than in the
optimally-doped case.
estimated from the conductivity sum rule. As the tem-
perature decreases in the normal state 1/τa(ω) decreases
rapidly at low frequency, which is taken to be evidence for
the formation of a pseudogap.18,36 The large drop in the
normal-state scattering rate for 1/τa(ω → 0) is a reflec-
tion of the dramatic narrowing of the conductivity and
is an indication that the reduced doping has not created
a large amount of scattering due to disorder — on this
basis, the system is not in the dirty limit.
The superfluid density ρs,a has been estimated from
the response of −ω2ǫ1,a(ω) in the zero-frequency limit
for T ≪ Tc for the optimally and underdoped materials,
shown in Fig. 5. The estimate of ρs,a assumes that the
response of ǫ1,a(ω) at low frequency is dominated by the
condensate, but it has been shown that along the c axis,
FIG. 5: The function −ω2ǫ1,a(ω) vs frequency for op-
timally doped YBa2Cu3O6.95 (solid line) and underdoped
YBa2Cu3O6.60 (dashed line) along the a axis at ≃ 10 K
(T ≪ Tc). The superfluid density is ρs = −ω2ǫ1,a(ω → 0);
taking the squares to render the units the same as those
of a plasma frequency yields
√
ρs,a = 8670 ± 90 cm−1 and√
ρs,a = 5620 ± 60 cm−1 for the optimally and underdoped
materials, respectively. Note also that in both materials there
is a slight suppression of −ω2ǫ1,a(ω) in the 500 − 700 cm−1
region, close to the estimated value of 2∆0.
there is enough residual conductivity to affect ǫ1,c(ω) and
thus the values of ρs,c, typically resulting in an overes-
timate of the strength of the condensate.39,40 The pres-
ence of residual conductivity for T ≪ Tc suggests that
ρs,a may be overestimated in this case as well. However,
as we noted earlier, the real part of the conductivity in
the superconducting state may be expressed as a regular
part due to unpaired carriers, and a δ(ω) function at zero
frequency; the response of ǫSC2,a (ω) is limited to the δ(ω)
function, which is zero elsewhere. However, ǫ2,a(ω) has
been determined experimentally to be non-zero: if we re-
fer to this as ǫreg2,a (ω), then ǫ
reg
1,a (ω) may be determined
through the Kramers-Kronig relation, and the superfluid
density estimated as40
ρs,a(ω) = ω
2
[
ǫSC1,a (ω)− ǫreg1,a (ω)
]
, (6)
which should be a constant. This is shown in Fig. 5 at
low frequency as the dotted lines. This method of esti-
mating ρs,a agrees well with the extrapolated values of
−ω2ǫ1(ω) in the ω → 0 limit, and indicates that if there is
a correction to ρs,a associated with the residual conduc-
tivity for T ≪ Tc, then it is quite small. The estimated
values for the condensate are
√
ρs,a = 8670 ± 90 cm−1
and 5620 ± 60 cm−1 for the optimally and underdoped
materials, respectively; these estimates are in good agree-
ment with previous values.30 In both materials there is
6FIG. 6: The conductivity sum rules applied to (a) optimally-
doped YBa2Cu3O6.95 and (b) underdoped YBa2Cu3O6.95 for
light polarized along the a axis for T >∼ Tc [N(ω), solid line]
and for T ≪ Tc [Ns(ω), dotted line]; the difference is the
estimate of the strength of the condensate from the Ferrell-
Glover-Tinkham sum rule (dashed line). The condensate sat-
urates in the upper panel by ≃ 800 cm−1, while in the lower
panel the frequency at which the full weight of the condensate
is recovered seems to be much higher. In the upper panel the
magnitudes of the curves are greater than in the lower panel;
a reflection of the decreased carrier concentration.
a slight suppression of −ω2ǫ1(ω) in the 500 − 700 cm−1
region, which is in agreement with estimates for the su-
perconducting gap maximum 2∆0 ≃ 500 cm−1 (adopting
the notation for a d-wave superconductor) in overdoped
YBa2Cu3O6.99 (Ref. 41). Studies of other cuprate sys-
tems suggest that the gap maximum increases with de-
creasing doping,12,42,43 despite the reduction of Tc.
The integrated values of the conductivity in the nor-
mal (T >∼ Tc) and superconducting (T ≪ Tc) states are
indicated by the solid [Nn(ω)] and dashed [Ns(ω)] lines
for YBa2Cu3O6.95 and YBa2Cu3O6.60 along the a axis
in the upper and lower panels of Fig. 6, respectively.
For YBa2Cu3O6.95, Nn(ω) increases rapidly with fre-
quency, but does not display any unusual structure. On
the other hand, Ns(ω) evolves more slowly, and has sev-
eral inflection points at low frequency which are thought
to be related to the peaks in the electron-boson spec-
tral function.44 The difference between the two curves
FIG. 7: The normalized weight of the condensate [Nn(ω) −
Ns(ω)]/ρs,a for optimally-doped YBa2Cu3O6.95 (solid line)
and underdoped YBa2Cu3O6.60 (dotted line) along the a axis
direction. The curves describing the condensate have been
normalized to the values of ρs,a shown in Fig. 5. The con-
densate for the optimally-doped material has saturated by
≃ 800 cm−1, while in the underdoped material the conden-
sate is roughly 80% formed by this frequency, but the other
20% is not recovered until much higher frequencies. The er-
ror bars on the curve for the underdoped material indicate
the uncertainty associated with the FGT sum rule. Inset:
The low-frequency region.
ω2pS = Nn(ω) − Ns(ω) is shown by the dashed line in
Fig. 6(a). This quantity increases quickly and then sat-
urates above ≈ 800 cm−1 to a constant value. this plot
is reminiscent of the BCS material with moderate scat-
tering, discussed in Fig. 3(b). The sum rules applied
to YBa2Cu3O6.60 shown in Fig. 6(b) are similar to the
optimally-doped case. However, the overall magnitude
has decreased, a reflection of the decreased carrier con-
centration within the copper-oxygen planes in the under-
doped material. While the condensate is also lower, it
now appears that it does not saturate as quickly as was
the case in the optimally-doped material.
A more detailed examination of the evolution of the
weight of the condensate for YBa2Cu3O6.95 (solid line)
and YBa2Cu3O6.60 (dotted line), normalized to the val-
ues of ρs,a determined in Fig. 5, is shown in Fig. 7. The
error associated with the FGT sum rule has been de-
termined in the following way. The optical conductiv-
ity has been calculated for R(ω, T ) ± 0.1% for T >∼ Tc
and T ≪ Tc, the normal and superconducting states,
respectively. The FGT sum rule is then applied to the
resulting high and low values for the conductivity, and
the error limits are taken as the deviation from the curve
7generated simply from R(ω, T ), which are estimated to
be about ±3%. It should be noted that most of the un-
certainty is introduced when the reflectance is close to
unity, as σ1 ∝ 1/(1 − R) and even small uncertainties
in the reflectance can lead to large errors in the opti-
cal conductivity. When the FGT sum rule is exhausted,
the ratio is unity by definition. For the optimally-doped
material, this occurs rapidly and 90% of the spectral
weight in the has been recovered by about 500 cm−1,
and the ratio approaches unity at ωc ≈ 800 cm−1, and
remains constant even out to very high frequencies (over
0.5 eV). This rapid formation of the condensate has
also been observed in the optimally-doped materials45,46
La1.85Sr0.15CuO4 (ωc ≃ 0.05 eV), Bi2Sr2CaCu2O8+δ
(ωc ≃ 0.1 eV), as well as in the electron-doped material47
Nd1.85Ce0.15CuO4+δ (ωc ≃ 0.06 eV). In all of these cases
the integral saturates and is constant to over 0.5 eV. In
contrast, only about 80% the spectral weight in under-
doped YBa2Cu3O6.60 has formed by 800 cm
−1; the 90%
threshold is not reached until ≃ 1800 cm−1 and the re-
maining spectral weight is recovered only at much higher
frequencies (ωc >∼ 5000 cm−1). In the case of the un-
derdoped material, the plot has only been shown to the
point where the FGT sum rule is recovered. If the plot
is extended to ∼ 1 eV, then the integral will increase to
a value about ≈ 3% over unity, which is within the es-
timated error for the FGT sum rule. This slow increase
above unity may be an indication of one of two things:
(i) ωc may be larger than has been previously estimated,
which would be consistent with estimates of ωc ≃ 2 eV
in the underdoped Bi2Sr2CaCu2O8+δ materials,
22 or (ii)
it is possible that when the sum rule is extended to high
frequencies (i.e. of the order of eV) it may be incorporat-
ing temperature-dependent bound excitations. However,
the absence of this behavior in the optimally-doped sys-
tem suggests that such an excitation is restricted to the
underdoped materials.
It is tempting to draw an analogy with the BCS dirty-
limit case and argue that the spectral weight in the un-
derdoped material has been pushed to higher frequency
in response to an increase in the normal-state scattering
rate. However, there are two important points that ar-
gue against this interpretation. First, an examination of
scattering rate in the insets of Fig. 4 for T >∼ Tc indi-
cates that the 1/τa(ω → 0) <∼ 200 cm−1 for both mate-
rials. Second, if the conductivity is fitted using a two-
component Drude-Lorentz model, then the nature of the
low-frequency conductivity places hard constraints on the
width of the Drude peak;48 for T >∼ Tc then Γ ≃ 140 cm−1
for optimally-doped YBa2Cu3O6.95, and Γ ≃ 100 cm−1
for underdoped YBa2Cu3O6.60. In each case, Γ < 2∆0,
indicating that while Γ may have an unusual tempera-
ture dependence, close to Tc these materials are not in
the dirty limit. Thus, the larger energy scale in the un-
derdoped system has a different origin. While none of
the cuprate superconductors are truly good metals, it has
been suggested that for T >∼ Tc the overdoped materials
may resemble a Fermi liquid.49 The rapid convergence of
ρs,a in the optimally-doped material is what would be
expected in a BCS system in which the normal state is
a Fermi liquid. On the other hand, it is recognized that
the underdoped materials are bad metals50 and exhibit
non-Fermi liquid behavior, and ωc ≫ 2∆0 is required to
recover the FGT sum rule. The two types of behavior ob-
served in the optimal and underdoped materials suggests
that the nature of the electronic correlations in the nor-
mal state play a role in determining the different aspects
of the superconductivity observed in these materials.19
C. Kinetic energy and the sum rule
The unconventional nature of the superconductivity in
the cuprate systems has lead to the suggestion that the
condensation may be driven by changes in the kinetic
rather than the potential energy.6 In such a case the FGT
sum rule for the in-plane conductivity must be modified
to take on the form7
ρs =
120
π
∫ ωc
0+
[σ1,n(ω)− σ1,s(ω)] dω
+
e2a2
πc2h¯2
[〈−Ts〉 − 〈−Tn〉] , (7)
≡ δAl + δAh,
where a is the lattice spacing, and T is that part of the in-
plane kinetic energy associated with the valence band,7,8
and the subscripts n and s refer to T ≃ Tc and T ≪ Tc,
respectively. (The expression has a slightly different form
for the c axis.51–53) The low-frequency term δAl is simply
the FGT sum rule, while δAh corresponds to the high-
frequency part of the integral, which is in fact the ki-
netic energy contribution. In a system where the kinetic
energy plays a prominent role the FGT sum rule may
appear to be violated. However, the maximum conden-
sation energy for YBa2Cu3O6.95 based on specific heat
measurements54,55 is about 0.2 meV per (in-plane) cop-
per atom. Assuming that the condensation energy is due
entirely to the changes in the in-plane kinetic energy, this
yields δAh ≈ 2 × 105 cm−2, which represents less than
0.3% of the spectral weight of the condensate.56 Because
of the limited accuracy of the FGT sum rule no statement
may be made regarding changes in the in-plane kinetic
energy. However, the general observation that the in-
plane sum rule is preserved may have consequences for
the c axis.
D. Sum rules along the c axis
The optical properties of YBa2Cu3O6+x have been
examined in some detail along the poorly-conducting
c axis.57–60 The optical conductivity (especially in the
underdoped materials) is dominated by the unscreened
phonons.61,62 Given that large changes in the phonon
8spectrum have been observed at low temperature in the
underdoped materials,61–65 the application of the FGT
sum rule must be treated with some care; in the stud-
ies cited here,16,17 the integral has been truncated at
ωc ≃ 800 cm−1 (0.1 eV). The application of the FGT sum
rule along the c axis has shown that while this sum rule
is not violated in the optimally-doped materials, as these
materials become increasingly underdoped and a pseudo-
gap has formed, the FGT sum rule is violated to varying
degrees, with more than 50% of the c-axis spectral weight
is missing at low temperature.16,17,66 The violation of the
FGT sum rule has been proposed as evidence for a ki-
netic energy contribution,51,52 although there have also
been other interpretations of this phenomena.53,67 The
implication is that the missing spectral weight is recov-
ered at high frequency, but it is unclear at precisely what
point this occurs. In underdoped material, if the value
for ωc = 800 cm
−1 in the optimally-doped materials is
used, then the in-plane FGT sum rule will appear to be
violated. However, it has been shown that extending the
integral from ωc ≃ 800 to >∼ 5000 cm−1 results in the re-
covery of the in-plane sum rule. We speculate that if the
cut-off frequency for the FGT sum rule along the c axis is
increased to the same value where the in-plane sum rule
was recovered (ωc >∼ 5000 cm−1) then the spectral weight
would be recovered and the c axis sum rule would yield
ρs,c. However, the general consensus at this time is that
the conductivity data is not yet sufficiently precise along
the c axis to confirm this prediction, so this remains a
subject of some debate.
IV. CONCLUSIONS
In the BCS model the relevant energy scale to re-
cover the strength of the condensate ρs is the super-
conducting energy gap (ωc ≃ 2∆), slightly larger in the
dirty-limit case. Conductivity and FGT sum rules have
been examined for light polarized along the a axis direc-
tion in the optimally doped YBa2Cu3O6.95 and under-
doped YBa2Cu3O6.60 high-temperature superconductors
to study the evolution of the spectral weight in these
materials. Within the sensitivity of the experiment the
FGT sum rule is obeyed in both materials. The energy
scale required to recover the full strength of the conden-
sate in the optimally doped material is ωc ≃ 800 cm−1
(≃ 2∆0), in good agreement with the predicted behav-
ior of the BCS model. However, the energy scale in the
underdoped materials is much higher, ωc >∼ 5000 cm−1.
This effect can not be attributed to dirty-limit effects in
response to increased normal-state scattering, since for
T ≃ Tc, Γ < 2∆0 in both materials. The two types
of behavior above and below Tc observed in the optimal
and underdoped materials suggests that the nature of the
electronic correlations in the normal state determine the
different aspects superconductivity in these materials,19
and the degree to which the kinetic energy may play a
role.
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